Abstract. We consider the class D( ) of bounded derivations → * defined on a Banach algebra with values in its dual space * so that ⟨ , ( )⟩ = 0 for all ∈ . The existence of such derivations is shown, but lacking the simplest structure of an inner one. We characterize the elements of D( ) if span( 2 ) is dense in or if is a unitary dual Banach algebra.
Introduction
Throughout this article let be a complex Banach algebra endowed with a norm ‖ ∘ ‖. Let ♯ be the algebra plus an adjoined unit element with the usual Banach algebra structure. As usual, by * and (︀ ♯ )︀ * we will denote the dual spaces of and ♯ respectively. Let : ˓→ ♯ and : ♯ → be the natural injection and the corresponding projection of into ♯ and of ♯ onto respectively. Then ♯ = C· ⨁︀ ( ), i.e., any element ∈ ♯ can be written in a unique way as = + ( ), with ∈ and ∈ C, and its ♯ -norm is given as ‖ ‖ ♯ = | | + ‖ ‖. Indeed, since is an isometric homomorphism then ( ) becomes a closed ideal of ♯ . Further, ∘ = Id while ∘ is the linear projection of ♯ onto ( ). Thus, let * ∈ (︀ ♯ )︀ * be defined as ⟨ ,
where * : * → (︀ ♯ )︀ * is the adjoint operator of . It is well known that * admits a Banach -bimodule structure if for , ∈ and * ∈ * we write
where , ∈ C, ∈ , * ∈ * . Given a Banach -bimodule X let 1 ( , X) be the Banach space of bounded derivations : → X, i.e., those ∈ ℬ( , X) that satisfy the Leibnitz rule ( ) = ( ) + ( ) for all , ∈ . A bounded derivation is said to be inner if there is an element ∈ X so that ( ) = − if ∈ . In that case we write = ad and the class of inner derivations from into X is denoted as 1 ( , X). The quotient
defines the first Hochschild cohomology group of with coefficients in X. Kamowitz lay the functional analytic overtones required to adapt the theory of Banach algebras to the Hochschild algebraic setting (cf. [6] ; see also [4] 
On D-derivations
The above Riemann-Stieltjes integral is well defined, becomes clearly a C-linear functional and
i.e., ∈ ℬ( , * ) and ‖ ( )‖ ‖ ‖ for all ∈ . Indeed,
i.e., ∈ 1 ( , * ). Certainly, it is a nonzero D-derivation since for ∈ we see that
Further, is not inner because is abelian and so 1 ( , * ) = {0}.
Remark 2.1. Given a dual Banach pair (X, Y, ⟨∘, ∘⟩) by the universal property characteristic of general tensor products there is a unique operation on X ⊗ Y so that So, if X is an infinite dimensional Banach space the determination of structure theorems of bounded derivations on X⊗ X * has its own interest. Moreover, several Banach operator algebras can be represented as certain tensor products of the above type. For instance, if the Banach space X has the approximation property, then X * (X) ≈ X⊗ X * , where ≈ denotes an isometric isomorphism and X * (X) is the Banach space of X * -nuclear operators on X (cf. [8, Th. C.1.5, p. 256]). In this setting the authors recently researched on structure theorems and properties of derivations on some non-amenable nuclear Banach algebras (see [1] ). and an associated sequence of coefficient functionals
and let
Proof. Let ∈ 1 ( , * ). The system of basic tensor products , ⊗ * can be arranged into a basis
of X⊗ X * (the reader can see [9] , or else [10, Th. 18.1, p. 172]). Given , , , , ∈ N we have
where denotes the usual Kronecker's symbol. By (2.1), ⟨ , , ( , )⟩ = 0 if ̸ = and ̸ = . Using (2.1) we also get
On the other hand, by (2.1) we obtain
Now, let be a finite subset of N × N, {︀
By (2.3) and (2.4) we see that
As we already observed, those summands in (2.5) so that ̸ = and ̸ = are zero. By symmetry, it suffices to consider = and then
Consequently ⟨ , ( )⟩ = 0. Finally, the result holds since → ⟨ , ( )⟩ is continuous on and X ⊗ X * is dense in .
Then , * ∈ ℬ 2 ( , , C), i.e., , * is a bounded bilinear form between × and C. By the universal characteristic property of the projective tensor product of Banach spaces there is a unique , * ∈ * so that ‖ , * ‖ = ‖ , * ‖ and
The following map is then induced
It is readily seen that ∈ ℬ 2 ( , , * ) and so there is a unique ∈ ℬ( , * ) so that ‖ ‖ = ‖ ‖ and ( ⊗ * ) = ( , * ) if ∈ , * ∈ . Consequently, the following identity
holds if , ∈ and * , * ∈ . It is straightforward to see that ∈ 1 ( , * ) and hence it is a D-derivation. Let us see that / ∈ 1 ( , * ). For, let us assume that is inner, say = ad for some ∈ * . Let us consider the usual basis
is obviously a shrinking basis and its associated sequence of coefficient functionals are
With the notation of Proposition 2.1, since ⟨ , , ( , )⟩ = , − , for all , , , ∈ N we deduce that ( , ) = 1 if , ∈ N and ̸ = . However, let us write 1
where denotes the Riemann zeta function. Then ∈ is well defined, 
Therefore,
i.e., ( + * ∘ )( ) = 0 if , ∈ . Since 2 is dense in the claim follows. 
and if = + ( ), = + ( ) for uniquely determined , ∈ C and , ∈ then Proof. (⇒) Given ∈ let * ∈ * be the unique element so that ( ) = * ( * ). If ** ∈ ** by Theorem 2.1(iv) we have
